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Abstract We study the peculiarities of coherency in a 
two-gap superconductor. The both intraband couplings, 
inducing superconductivity in the independent bands, 
and intcrband pair-transfer interaction have been taken 
into account. On the basis of the Ginzburg-Landau equa- 
tions derived from the Bogoliubov-de Gennes equations 
and the relevant self-consistency conditions for a two- 
gap system, we find critical and non-critical coherence 
lengths in the spatial behaviour of the fluctuations of 
order parameters. The character of the temperature de- 
pendencies of these length scales is determined by the 
relative contributions from intra- and interband inter- 
action channels. 
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1 Introduction 

Two-band models of superconductivity have been de- 
veloped more than fifty years starting from the pa- 
pers [I]-[5]- For the present the number of discovered 
multi-gap superconducting materials is quite large, in- 
cluding cuprates, MgB2 and iron- arsenic compounds. 
In this field various theoretical schemes have been elab- 
orated, see [l]-[7] and references therein. In particular, 
the derivation of high-quality superconducting regions 
from oxygen ordering, observed recently in La2Cu04+j^ 
IS] , supports the multi-band theoretical scenario of su- 
perconductivity in cuprates. 

In a two-gap superconductor with interband pair- 
transfer interaction one has to deal with coupled band 
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condensates. In this situation the quantities, related 
initially to the superconducting states of independent 
bands, acquire mixed character and they describe the 
collective features of the whole two-component conden- 
sate. An example of such quantities in a superconduct- 
ing system with interband coupling are the coherence 
lengths which cannot be attributed to different bands 
involved see also |ini-[I2I- In the present contribu- 
tion we examine in details the properties of coherence 
length scales in a two-band superconductor. 



2 System of Ginzburg-Landau equations for a 
two-band superconductor 

We start with the following Hamiltonian in the terms of 
^f^-operators for a two-band superconductor with intra- 
band couplings and interband pair-transfer interaction: 



H — Hq + Hi 
where 



with 



(1) 

(2) 
(3) 



and 



a, a' 



JdrJ2 ^as (r) (r) ^o.'s' (r) tf^^'. (r) 



(4) 



In Eqs. ©-(HI), a = 1, 2 is the band index, s =t,l== ± 
is the spin index, is the chemical potential, V{r) 
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is the periodic potential of a crystal, and Waa' are 
the electron-electron interaction constants. We suppose 
that Waa < 0, i.e. the autonomous superconducting 
phase transition takes place in the both bands if inter- 
band interaction is absent. However, if interband inter- 
action is turned on, the superconducting states of the 
bands are not independent anymore. 

The following derivation of the Ginzburg-Landau 
equations exploits the scheme from 13 , generalized for 
two-band situation. 

First, one introduces the effective one-electron Hamil- 
tonian in the self-consistent field approximation, 

H^ff = fdrlY.Y.'^is (r) Ho^'.s (r) 

[as 

a.ct' s 

+ 5]Z\„(r)tf'+ (r)^+ (r) 

a 

+ Y.Al{v)Wai{v)^o.,{v)\ . (5) 
a ) 

In what follows we simplify the calculations supposing 

Uaa' (r) = Ua (r) 6aa' ■ (6) 

In this case the effective Hamiltonian ^ can be di- 
agonalized by means of the Bogoliubov-Valatin trans- 
formation (7"*" and 7 are the operators of creation and 
destruction of elementary excitations): 

tf'as (r) = ^ {uak (r) 7aks - sgn (s) <k (r) 7ak-J - (7) 

k 

where k is the wave vector. As a result 

Heff - i?, + ^ 5] ^ (k) 7l.7aks , (8) 
Q k s 

where Eg is the ground state energy and Ea (k) is the 
energy of an elementary excitation. Using the commu- 
tator [^as (r) yHeff] together with Eqs. © and (O we 
obtain the Bogoliubov-de Gennes equations for a two- 
band superconductor 

UaW (r)\ 
Vak (r) / 

'Ho + Uair) Aa{r) \/w„k(r)\ , 
A*Ar) ~n*o~Ua{r)j[vak{r)J ■ 
Here the self-consistent potentials Aa (r) and Ua (r) 
have been determined as 

Aa (r) = V Waa' {^c'i (r) ^a'^ (r)) 



EaCk) 



Waa' }] W*'k (r) Ua'-k (r) 



k 



X [l-2fiEa' (k))] 



(10) 



^ The more general situation Uaa' (r) 7^ if a ^ a' should 
be considered as a special problem. 



Uair) = Waa {^-^ (r) ^a^ W ) 

= Waa (^^lir)^al W ) 

= W^aa^{|Wak {r)\^ f [Ea (k)) 
k 

+ \Vak{r)\'[l~ f{Ea{k))]} , (11) 

where / (E) = [1 + cxp {E/kBT)]'^ 

In the spatially homogeneous case Eqs. ([TU)l and © 
yield the system of superconductivity gap equations 



Wac 



> ^^tanh^ (12) 
^2Ea'{k) 2kBT ^ ' 



T 

k 



1/2 



Ea (k) = £a (k) - /X, 



with£;„(k)= [elik) + \Aa\ 
where Sa (k) is the normal-state energy of an electron 
in the ath band. 

In the non-homogeneous situation one can derive 
from Eqs. (fTU)) and (O analogously with [T3] the lin- 
earized selt-condistency conditions 



Aa (r) - E/ dr'X„„, (r,r') Aa' (r') 



(13) 



with 

Kaa' (r, r') = -Waa' 

e{-ea' (k)) 



k,k' 



[l-2f{ea' (k))] 

O {Sa' (k)) 



\ea' (k)| - £„' (k') ^ \ea' (k)| -I- Sa' (k') . 

X 'Z'i'k (r') 'Z'i'k' (r') ^^a'k (r) <Pa'k' (r) , (14) 

where (x) is the Heaviside function and 'Pak (r) is 
the normal-state eigenfunction of an electron in the ath 
band, [Ho + Ua (r)] <Pak (r) = ia (k) <Pak (r). 

In the analogy with the single band case [13], we 
obtain on the basis of Eqs. p^ . ([T^ the system of 
Ginzburg-Landau equations for superconductivity gaps 
in a two-band system (A = 0), 



Aa{r) = - Waa' 
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1=1 




giT)-,.\Aa'{r) 



^a'(r), 



(15) 



where the intra- and interband interactions are non- 
zero in the energy layer with the width 2Tiuid near the 
Fermi level, Qa is the density of electron states per one 
spin direction in the ath band at the Fermi level, and 

(16) 



w, 



Wo 



Waa' \JPa'Pa 



n _7C(3)^^ 

^™ 16(7rfcBT,)2 ' 



(17) 
(18) 
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7C(3) 



(19) 



The equations (jlSp follow also from the minima condi- 
tions of the free energy functional suggested in 17 . 

The superconducting transition temperature Tc has 
been determined by the equation 

(1 + wiigiT,)) (1 + W22g{Tc)) - wf^g^iT,) = . (20) 
In general, Eq. (^0)) has two solutions 
ksT^ — 1.13?ia;£) 

Wii + W22 ± \/ {Wll — W22)^ + 4wJ. 



X exp 



2 (wilW22 - wf2) 



The higher temperature > increases as the in- 
terband interaction constant |ifi2| increases. Simultane- 
ously the temperature T~ decreases, and it disappears 
as the difference W11W22 — u;i2 approaches 0-I-. The tem- 
perature region T > corresponds to the normal 
phase. In the domain > T > T~ there exists a 
stable superconducting state. If T < T^, a metastable 
phase (or at least the saddle points of the free energy 
as a function of non-equilibrium gap order parameters) 
appears besides the stable superconducting phase |14) - 
|16j . Consequently, the phase transition into the stable 
superconducting state takes place at T = T+ = Tc. 

If the interband pairing is absent, W12 = 0, the 
quantities transform into the temperatures of au- 
tonomous superconducting phase transitions in the in- 
dependent bands: 



ksT^ = /cbTci_2 = 1-13?iwd exp 



1 



Wll, 22 



(22) 



with Waa < and |wii| > |w22|, i-e. Td > Tc2- 

In the isotropic situation (the case of the spherical 
Fermi surface) the squared modulus of the Fermi veloc- 
ity equals Vp^ — 3vp^^, i — 1,2,3. Correspondingly, 
the system of equations (flSl) reads 




5(T)-H/i.'(r)r 



Aa'ir) 



with 



/3a 



Fa 



(23) 



(24) 



On the basis of Eqs. ([23)) we are going to consider the 
peculiarities of coherency in the present model. 



3 Critical and non-critical coherence lengths 

We will find now the coherence (correlation) lengths ^ 
which characterize the spatial variation of small fluctu- 
ations of superconducting gaps. By introducing small 
deviations rja (r) from the bulk values of gaps we write 

Z\i,2(r) = Z\?^2 + r;i,2(r). (25) 

In the normal phase ~ 0- can take Z\i.2(r) to 
be real. Then for the small rja (r) we obtain on the basis 
of Eqs. the following linearized equations: 



'a(r) = - Waa' 




~ga'{T)+Pa'V' 



(21) with 



Va'{v) (26) 



(27) 



~ga{T)^9{T)-iH^a(T)f 

We seek for the solutions of equations (051) in the 
form 



771,2 (r) exp 



(28) 



W12, 



W21y 



1 + wiigiiT) + wii/3i^ ^ 

/ P2 ~ frr\ I rP2 a f-2 

'—92{T) +W12. —P2t, 

Pi V Pi 



where ^ represents the length scales. The corresponding 
substitution into Eqs. (|26|) yields 



»7i(r) 
?72(r) = 

'71 (r) 

?72(r)-0. (29) 



I Pi ~ 



Pi 



IL±~g^{T)+W21.r-PlC^ 

P2 V P2 



-I- 1 + W22g2{T) + W22P2C 



The system of equations (P5)) has the non-zero solutions 
'?i,2(r) if the determinant of this linear homogeneous 
system equals to zero. The latter condition leads to a 
bi-quadratic equation for the characteristic lengths ^ 

K (T) - G (T) ^2 _^ 7 = (30) 

where 

G(T) = u;2^[5i(T)/32+52(m] 

- [1 + Wii5i(r)] W22/32 

- [l + W2252(r)]u;ii/3i, (31) 

K [T) = [1 + wii.gi(r)] [1 + W22h{T)] 

- wf^hmMT) , (32) 

7 = (W11W22 - w?2)/3i/32 • (33) 

Solving Eq. (1301) we obtain the expressions for two squared 
characteristic lengths 



G (T) ± (T) - 4K (T) 7 
2K (T) 



(34) 
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One can observe from Eq. that the quantities £,s {T) 
(soft or critical coherence length) and (T) (rigid or 
non-critical coherence length) reveal substantially dif- 
ferent temperature behavior near Tc H. The character- 
istic length {T) behaves critically diverging at the 
phase transition point: {Tc) = oo. At the same time 
(T) remains finite, (Tc) = y^j/G {Tc), and its tem- 
perature dependence is weaker. The functions ^s,r {T) 
have been depicted in Figs. [T][3] with increasing inter- 
band interaction constant |Wi2|. In the temperature do- 
main T <Tc used in Figs. [TJ2] the deviation of the solu- 
tions of the homogeneous part of approximate equations 
Eq. ((23)) from the solutions of exact equations Eq. (fT2|) 
is very small, less than 5%. 



200 




Fig. 1 The coherence lengths (sohd hne) and (dashed 
line) vs temperature. Note that the minimum of and the 
maximum of are actually separated by a small gap. Param- 
eters: Wii = -0.3 • cell, W22 = -0.57 eV ■ cell, \Wi2\ = 
0.0001 eV ■ cell, pi = 1 {eV ■ cell)-^, p2 = 0.5 (eV ■ cell)-^ , 
%LJD = 0.07 eV, VFi = 4 X lO^m/s, vf2 = 5 x lO^m/s. 
Characteristic temperatures: = w Td = 30.4 K, 

T- w Tc2 = 27.6 K. 



In Fig. [TJ the maximum of {T) near T~ Tc2 re- 
flects the " memory" about the lower autonomous phase 
transition which takes place if interband interaction is 
absent. The increase of \Wi2 \ suppresses this maximum 
and finally ^s{T) decreases monotonically as tempera- 
ture T < Tc decreases, cf. Figs. [T] and d] At the same 
time the temperature dependence of S,r becomes weaker 
as one can observe from Figs. [T][3l The further increase 
of interband coupling does not introduce any qualita- 
tive changes into the temperature behaviour of coher- 
ence lengths. 

The length scales found are related to the criti- 
cal and non-critical fiuctuations which appear as linear 
combinations of the fiuctuations of band superconduc- 
tivity order parameters, see also [TS], [T^ . 

2 Note that K (Tc) = according to Eq. pp)) . 



so 




Fig. 2 The coherence lengths (solid line) and (dashed 
line) vs temperature. Parameters: Wn = — 0.3 eV • cell, 
W22 = -0.57 el/ • cell, \Wi2\ = 0.009eT/ • cell, pi = 
l{eV ■ cell)-^, p2 = 0.5 (el/ • cen)-\ hujo = 0.07 e^, 
VFI = 4 X 10^ m/s, VF2 = 5 X 10^ m/s. Characteristic tem- 
peratures: Tc = T+ = 31.6 A", Tci = 30.4 T~ = 26.5 /C, 
Tea = 27.6 




Fig. 3 The coherence lengths (solid line) and (dashed 
line) vs temperature. Parameters: Wn = — 0.3 eV • cell, 
W22 = -0.57 • cell, \Wi2\ = 0.08 • cell, pi = 1 {eV ■ 
cell)-^, p2 = 0.b{eV ■ cell)-'^ , Hujd = 0.07 eV, vfi = 
4 X 10^ m/s, VF2 = 5 X 10^ m/s. Characteristic tempera- 
tures: Tc = T+ = 50.9 K, Tci = 30.4 K, T~ = 12.6 K, 
T^2 = 27.6 



One can find by using the expansion in powers of 
{T — Tc) /Tc that the following expressions approximate 
the temperature dependence of the critical coherence 
length near the phase transition point: 



UT) 



where 



T-Tc 



2(T<:-T) 



T>Tc 



T <Tc 



G{Tc) 



(35) 



(36) 



] -wii - W22 - 2{wiiW22 - wl2)g{Tc) ' 

The coefficient coincides with the length found in 
[15] as a single coherence length in the rigorously lim- 
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ited Ginzburg-Landau scheme in a two-band supercon- 
ductor. 



4 Coherence length-scales and microscopic 
length-scales 

The gradient expansion and its cut-off in the Ginzburg- 
Landau equations (|23t is justified if 



»1, 



(37) 



i.e. the length scales £^s,r{T) are large enough compared 
to the microscopic lengths y/l3i,2- 

It is relatively easy to satisfy the inequality ((37)) for 
£,s{T). However, the situation is different in the case the 
non-critical coherence length £,r{T). In Fig. U the com- 
parison of the dependencies of ^r{Tc) and on in- 
terband interaction constant is demonstrated (we have 
chosen vf2 > vfi, i-e. /32 > It is seen that in the re- 
gion of weak interband coupling the condition p7p can 
be satisfied for £^r- At that the smaller the difference 
between the temperatures of autonomous phase tran- 
sitions Tci and Tc2 in the absence of interband inter- 
action, the higher and sharper in Fig. |4] the maximum 
of Cr(Tc) vs Wi2 is. For larger \ Wi2\ the condition ((571) 
for becomes violated. Consequently, in this region of 
parameters the higher terms in the gradient expansion 
should be taken into account for the treatment of the 
non-critical length scale of coherency. Recently the sys- 
tematic extension of the Ginzburg-Landau scheme has 
been suggested in [TH], [2D] . 
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Fig. 4 The dependence of the rigid coherence length £,r{Tc) 
(solid line) and the microscopic length (dashed line) on 

the interband interaction constant Wi2- The intraband inter- 
actions are fixed: Wii = -0.10 eV -cell, W22 = -0.78 eV-cell. 
Parameters: pi = 4 (eV • cell)~^, p2 = 0.5 {eV ■ cell)~^, 
huD = 0.07 eV, VFi = 2.5 x 10^ m/s, vf2 = 5 x 10^ m/s. 



5 Conclusions 

To conclude, we determined two coherence lengths in a 
two-gap superconductor with intra- and interband cou- 
plings. These length scales are not related to the con- 
crete bands involved in the formation of the supercon- 
ducting ordering in a system with interband pair trans- 
fer interaction. One of these lengths as a function of 
temperature deverges near the phase transition point, 
the other one is non-critical. The non-monotonic tem- 
perature dependence of coherence lengths appears in 
the superconducting phase if the interband coupling is 
sufficiently weak. We suggest that the appearance of the 
non-critical coherence length is a substantial feature of 
two-gap superconductivity. 
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